We show that the quantum disentanglement eraser implemented on a two-photon system from parametric down-conversion is a general method to create hybrid photonic entanglement, namely the entanglement between different degrees of freedom of the photon pair. To demonstrate this, we generate and characterize a source with tunable degree of hybrid entanglement between two qubits, one encoded in the transverse momentum and position of a photon, and the other in the polarization of its partner. In addition, we show that a simple extension of our setup enables the generation of two-photon qubit-qudit hybrid entangled states. Finally, we discuss the advantages that this type of entanglement can bring for an optical quantum network.
I. INTRODUCTION
Photonic entanglement based on spontaneous parametric down-conversion (SPDC) has been extensively used as a resource in quantum communication (QC) with demonstrations of quantum teleportation [1] , cryptography [2] and Bell inequality violation [3] . The importance of SPDC can be attested by its ability of preparing the most common types of entanglement and flexibility of using a variety of photonic degrees of freedom (DOFs), both discrete and continuous. Restricting to discrete spaces, sources for entangled qubits and qudits (two-and Ddimensional systems) encoded in polarization [4, 5] , timebin [6, 7] and spatial [8, 9, 10] DOFs have been demonstrated, as well as sources of multiqubit entanglement [11] and hyperentanglement, which is the simultaneous entanglement in more than one DOF [12] .
In spite of these several branches of development, the concept of hybrid photonic entanglement-the entanglement between different DOFs of the photon pair-has not received, to date, significant amount of attention. In 1991, a theoretical proposal for a Bell test [13] has addressed this subject. There, a pair of polarizationentangled photons were converted into a hybrid entangled state (HES) between the polarization of a photon and the path followed by the other, which was defined by a polarizing beam splitter. Recently, this proposal was experimentally realized [14] . Also recently, we have employed HESs to implement a quantum eraser and study this phenomenon in the context of optimal quantum state discrimination [15] . In our case, however, the hybrid entanglement was defined between the polarization of a photon and the transverse spatial modes of its partner, created by a double slit. Although both works used HESs for studying specific fundamental topics in quantum mechanics, none of them have addressed the general aspects of how to build up a HESs source, and more importantly, * Electronic address: lneves@udec.cl if they are useful for QC tasks. In this article, we address these both aspects and show that: (i) a general method to create HESs can be completely described in terms of the Garisto and Hardy disentanglement eraser [16] implemented on a two-photon system from SPDC, and (ii) HESs may have important applications, as for instance, the engineering of qubit-qudit entangled states and the faithful transmission of quantum information through an optical quantum network comprised of free-space and optical fiber channels.
A disentanglement eraser is a class of quantum erasers which restore entanglement rather than just interference. It consists of at least three quantum systems, where two of them are entangled. After a controlled-not (cnot) gate, the third system becomes entangled with the others, and the initial entanglement between the first two systems is lost or "diluted" into the full three-system state. It can be restored, however, by erasing the "whichstate" information provided by the third system. This is achieved either by undoing the cnot operation (reversible eraser) or by a suitable projection of this subsystem (irreversible eraser) [16] .
We show that when either eraser is applied on two arbitrary two-dimensional DOF of a photon pair from SPDC, we get a two-qubit HESs source. The differences that arise in the source created with the reversible or irreversible eraser are discussed. To demonstrate the method, we implement the irreversible eraser on polarization and (discretized) transverse momentum and position of down-converted photon pairs. In this way, we generate a source with tunable degree of hybrid entanglement which is fully characterized through quantum state tomography. We then demonstrate the usefulness of hybrid entanglement, and our setup in particular, by showing that it enables the generation of qubit-qudit entanglement in a fashion much more simple, flexible (with respect to the qudit dimension), and less costly than a previous scheme. Finally, we discuss the advantages that this type of entanglement can bring for an optical quantum network.
The remainder of this paper is organized as follows.
In Sec. II, we describe the general theory behind the HES generation and our particular implementation. In Sec. III, we present the experiment results. In Sec. IV we discuss possible applications of hybrid photonic entanglement. A summary of our work is given in Sec. V.
II. THEORY
A. General description
Figures 1(a) and 1(b) illustrate the schemes of the irreversible and reversible disentanglement erasers, respectively, which create HESs from a SPDC source. A downconversion crystal generates photon pairs, signal (s), and idler (i), which are entangled in an arbitrary two-dimensional degree of freedom (DOF 1). We call this the DOF control. A second DOF (2) is separable from 1 and we call it the DOF target, which may or may not be entangled. To simplify the description here, we assume that it is not entangled. Thus, we consider an initial two-photon state given by
where |a| 2 + |b| 2 = 1 and {|0 , |1 } is the logic basis for each qubit. The first step to obtain a HES is to couple the two DOFs. A coupling operation can be implemented through a single-photon two-qubit (SPTQ) cnot gate [17] placed on one of the photon's arm (say signal). In this case the evolution of signal's DOF target will be conditioned to the state of its DOF control and the twophoton state becomes, after the cnot gate,
At this point the initial entanglement of DOF 1 is diluted into this two-photon three-qubit GreenbergerHorne-Zeilinger (GHZ) state, as well as the entanglement between idler's DOF 1 and signal's DOF 2. To create hybrid entanglement we can either apply the irreversible eraser [ Fig. 1(a) ], which consists of a suitable measurement on signal's DOF 1 [e.g., a projection onto
, or the reversible eraser [ Fig. 1(b) ], where a second SPTQ cnot gate is implemented, but now with the roles of the DOF control and target interchanged. After either one we get the hybrid entangled state:
Note that the irreversible eraser method creates HESs in a probabilistic manner and thereby it has the drawback of spending half of the photon pairs with the projection on the DOF control. On the other hand, in the reversible case it is possible to create HESs in a deterministic way with no loss of photons.
Given that the process of hybrid entanglement creation comprises the conversion of a DOF of one photon of the entangled pair into another, the HESs source will inherit all capabilities of the source whose DOF is the control in the protocol. Therefore, it is possible to create a tunable source of HESs if one has a tunable source of entanglement in the DOF control. For two-qubit states, tunable entanglement based on SPDC has already been demonstrated for polarization [4] , time-bin [6] , and transverse momentum [8] DOF. The same conclusion can be drawn, if one has an universal source which creates any type of two-qubit entangled state in the DOF control. Finally, even if the entanglement in the DOF control is not tunable, it is still possible to create pure nonmaximally HESs or maximally entangled ones from the initial state provided by the source, through a suitable erasure projection. Of course, this comes with the cost of reducing even more the ensemble size. We shall see these aspects in more detail along the discussion of our experiment.
B. Our implementation
Our scheme to generate HESs is sketched in Fig. 1 (c) and employs photon pairs initially hyperentangled in both polarization and transverse momentum and position. As described above, this is not a requirement of the scheme and we use it here just for experimental convenience (see Sec. III A). In this case we have just to perform an extra projection onto the logical basis of the target qubit (see discussion bellow), which would not be necessary starting with an non-hyperentangled state. We generate spatial-polarization hybrid entanglement from SPDC in a two-crystal geometry [4] . When one photon of the down-converted pair goes through a double slit and the transverse walk-off is negligible [18] as in our setup, the following degenerate two-photon hyperentangled state is created [4, 8] :
where H (V ) denotes horizontal (vertical) polarization and F and A denote orthogonal spatial modes defined by the double slit. The coefficients satisfy |a| 2 + |b| 2 = 1 and |c| 2 +|d| 2 = 1. Polarization entanglement is tuned by rotating the pump polarization through a half-wave plate (HWP); a quarter-wave plate (QWP) sets the phase [4] . Spatial entanglement can be tuned by manipulating the pump transverse profile [8] . Figure 2(a) shows a comparison between the polarization mutually unbiased bases (MUBs) and their counterparts in the spatial DOF [19] , which will be useful for the discussions that follow.
The use of a hyperentanglement source with tunable entanglement in both DOF allows us to choose which one will be the control and the target in the protocol. For ease of manipulation, we chose here the polarization. On the other hand, for an irreversible eraser as we will implement, this might demand a projection on the DOF target, which will reduce the size of the ensemble for the HES preparation. A spatial filter in the idler arm performs this projection [ Fig. 1(c) ].
The SPTQ cnot gate here is realized with a quarterwave plate behind each slit of the double slit, with their fast axes orthogonally oriented as shown in Fig. 2(b) . With polarization as the control qubit and spatial mode as the target qubit, the following conditional operations apply in the far field (focal or Fourier transform plane of a lens):
Therefore, these wave plates perform the same operation as an ideal cnot gate, up to a single-qubit phase shift. From Eq. (4) one can see that if the idler is projected onto |F , the two-photon state after the cnot gate becomes
In order to create the hybrid entanglement, we measure the signal polarization. For a general polarization projector |P P |, with |P = α|H + β|V (|α| 2 + |β| 2 = 1), we get the HES
where N = |aα| 2 + |bβ| 2 . By choosing |P to be any vector with |α| = |β| = 1/ √ 2 [e.g., the MUBs 2 or 3 in Fig. 2(a) ], the HES created has the same degree of entanglement of the initial polarization-entangled state. In this case, the tunable polarization-entanglement source will turn into a HESs source whose degree of entanglement can be continuously tuned by rotating the pump polarization. Obviously, there will be a cost of half of the photon pairs with this projection, as we discussed before.
Following the conclusions drawn in Sec. II A, we see that our source is able, in principle, of generating not only arbitrary two-qubit pure HESs but also tunable Werner states [20] and maximally entangled mixed states [21] , which have already been demonstrated for polarization-entanglement in the two-crystal source. Moreover, it is possible to realize a concentration-like process and filtering maximally HESs from initial nonmaximally polarization-entangled states (at the cost of reducing even more the ensemble size). From Eq. (7) this is achieved when the polarization projector, |P P |, has |α| = |b|. + -ion laser is used to pump, with 150 mW, two adjacent, orthogonally oriented, 0.5 mm thick β-barium borate (BBO) type-I crystals. The collimated pump beam has a Gaussian transverse profile with ∼2 mm diameter at the crystals. This profile guarantees the spatial entanglement of the two-photon state [8] . We could have focused the pump tightly into the crystal and get a separable spatial state. However, this would introduce impurity in the polarization-entangled state due to the walk-off effect [18] . Downconverted signal and idler photons travel through the setup at an angle of 3
• with the pump, and are spectrally filtered with a 10 nm interference filter (IF) centered at 702 nm, and detected by two single-photon detectors. The signal detector (D s ) is equipped with a 50 µm × 1.5 mm rectangular slit (xy), and mounted on a translation stage that displaces it in the x direction; D i has a 1.2 mm circular aperture in front of it. Singles and coincidences are measured in a counter (C) with a resolving time of 5 ns. In the signal arm, a double slit aperture with a slit width of 80 µm and center-to-center separation of 250 µm is placed at 26 cm from the crystal. Behind each slit a QWP is fixed as shown in Fig. 2(b) . After transmission, the photon pass through a polarization analyzer comprised of a QWP, HWP, and PBS, which is kept fixed for a suitable erasure projection. Then, it is collected by a lens system which combined with the transverse position of D s , enables measurements of the spatial qubit in the MUBs shown in Fig. 2(a) , either by imaging the double slit (MUB 2) or by Fourier transforming it (MUBs 1 and 3) [19] . In the idler arm the spatial filter is comprised of a 100 µm × 3 mm slit placed at the focal planes of a f = 30 cm focal length lens and a f ′ = 50 cm focal length collimating lens. The slit is mounted on a translation stage that displaces it in the x direction and set the spatial projection onto the basis {|F , |A }. After spatial filtering, a polarization analyzer (QWP, HWP, and PBS) allows polarization measurements in any basis.
B. CNOT characterization
Following Ref. [17] we characterize the cnot gate by showing its expected behavior and capacity of creating entanglement of the SPTQ state [22] . Figure 2(c) shows the truth table amplitudes where for each input state, the polarization analyzer and D s are kept fixed to project onto each one of the four output states. Figure 2(d) shows the output spatial states, measured by displacing D s in the x direction at the Fourier transform plane, for the input states given in the legend. In both figures the predicted behavior is clearly seen. Finally, we show in Fig. 2(e) 
For each spatial projection shown in the legends, a linear polarization analyzer is rotated and coincidences recorded. The results shown in the second panel are a signature that a π/2 phase shift is introduced by our cnot gate.
C. Hybrid entangled states characterization
For the pump profile we are using, the spatial part of the two-photon state [Eq. (4)] is highly entangled. To set the action of the spatial filter we must characterize this state in order to reduce the losses due to this filtering. With a double slit without the QWPs behind it, we traced over the polarization and measured the spatial Schmidt modes [ Fig. 3(a) ] and the marginal distribution [ Fig. 3(b) ]. The former are measured by projecting the idler onto |F and |A and the latter by tracing over idler spatial DOF and scanning D s in both cases. Accordingly with [8] , the concurrence is evaluated from the number of coincidences in each pattern in the first case and from the visibility of the interference in the second case. Therefore, we obtained a nearly maximal degree of spatial entanglement, namely, 0.99±0.12 and 0.99±0.01, respectively. We then set the spatial filter in the idler arm to select the |F state, for all results that follow.
The initial polarization-entangled states are prepared without the QWPs behind the double slit and characterized, by quantum tomography, with D s fixed in x = 0 at the focal plane of the lens. The HESs are characterized by combining the methods of polarization [23] and spatial qubits [19] Next we started with a nonmaximally polarizationentangled state. It is shown in Fig. 3(e) and has a fidelity of F pol = 96.5 ± 2.8% with the state 0.89|H s |H i + 0.46e iφ |V s |V i (φ = 0.37π). With an erasure projection onto 45
• we get the corresponding partially HES shown in Fig. 3(f) which has F HES = 93.8 ± 2.8% with 0.89|F s |H i + 0.46e iφ |A s |V i (φ = 0.87π). This shows that our HESs source is tunable. We also show that a maximally HES can be filtered from this initial partially polarization-entangled state. Here, this is achieved through an erasure projection onto 62.5
• (α = 0.46). The resultant state is shown in Fig. 3 The reduction in the fidelity for all the HESs generated is mainly due to the nonperfect alignment of the QWPs behind the double slit which leads to an imperfect coupling between polarization and spatial DOF.
IV. APPLICATIONS
Since entangled states play a key role in many applications of QC as well as in fundamental tests of quantum mechanic, any source of photonic entanglement is useful in principle, no matter in which DOF the quantum information is encoded. By this we are advocating the usefulness of HESs like any other single DOF entanglement. In the latter case, the different encodings present practical advantages and disadvantages when compared to each other, which can be attested by the extensive research of sources for polarization, time-bin or spatially entangled photon pairs. In much the same way, hybrid photonic entanglement, when compared with entanglement in a single DOF, brings some advantages, as we will discuss below, and possesses its own drawbacks, as for instance the loss of photons when the reversible eraser is employed. Next, we give examples where a HESs source could find applications, beyond the fundamental tests previously reported [13, 14, 15] .
A. Engineering qubit-qudit entanglement
The entanglement between a qubit and a qudit using photons is largely unexplored mainly because it is not trivial to create. The only report in the literature, has demonstrated a scheme where a measurementinduced nonlinearity is employed on three-photon polarization states to generate entangled qubit-qutrit systems (D = 3) only [24] . Following a recent interest for developing quantum gates [25] and determining entanglement measures [26] and dynamics [27, 28] in such qubit-qudit systems, it would be worthy to find another method to create them optically. When compared with [24] , such method should satisfy the following requirements: (i) it is easier with respect to the operations employed, (ii) it is less costly with respect to the number of photons used, and (iii) it is more flexible with respect to the attainable dimension of the qudit. Here, we show that HESs satisfy these requirements, and our setup in particular can be easily extended to create a tunable source of qubit-qudit entangled states with D ≫ 3.
We restrict ourselves to qudits with even dimension, i.e., D = 2n (n ≥ 2), because in the odd case it would not be possible the creation of maximal entanglement with the QWPs only. If one replaces the double slit in Fig. 1(c) by a D-slit aperture, a spatial qudit is created [9] . By fixing each of the orthogonally oriented QWPs behind n slits, we have, generalizing (5),
where ⊕ denotes addition modulo D and {F j } (j = 0, . . . , D − 1), D orthogonal spatial modes of the qudit at the Fourier transform plane, defined by the equally weighted superposition of the D available paths (slits {|l }) as 8, 9] . Assuming an initial two-photon state [a|H s |H i + b|V s |V i ] ⊗ |F j s |F j i , and an erasure polarization projection onto L after the cnot gate, we get the following two-photon qubit-qudit HES:
Therefore, the scheme proposed here employs only two photons, simple local operation, it is easily extended to higher dimensions (up to D = 8 at least [9] ) and the degree of entanglement can be easily tuned from zero to maximal. It is clearly advantageous compared with [24] . The generation of qubit-qudit states like Eq. (9) is useful for determining experimentally the dynamics of entanglement for any state of such systems when the qubit goes through an arbitrary noisy channel [29] . It has been demonstrated in [28] (generalizing the result of [30] for two qubits) that the evolution of entanglement for an arbitrary qubit-qudit initial state is determined only by the action of the channel on the maximally entangled state.
B. Hybrid optical quantum network
An optical quantum network employs free-space or optical fiber channels for transmitting quantum information. Either one is decided mainly by the robustness of the photonic DOF along the channel. Therefore, a HESs source can be advantageous as it enables a more flexible network with each photon being transmitted through the more suited channel. For instance, polarization qubits at optical wavelengths suffer decoherence in transmissions along optical fibers, but are faithfully transmitted through atmosphere [31] due the non-birefringent nature of the latter. On the other hand the atmospheric turbulence may affect the spatial DOF [32] , and despite of its multimode nature, it could be coupled into a bundle of single-mode fibers [10] and analyzed through a multiport beam splitter [33] after transmission. In particular, for fiber transmission the time-bin is more suited [6] as it is not affected by the thermal or mechanical fiber instabilities (which can affect the spatial DOF). Since the scheme for HESs generation we described here can be applied to any DOF, it could also be used.
V. CONCLUSION
In summary, we have shown that the quantum disentanglement eraser is a general method to produce hybrid photonic entanglement which can be realized with any degree of freedom. To demonstrate this we created and characterized a SPDC source of tunable spatialpolarization HESs. Moreover, the applicability and usefulness of HESs have been pushed beyond the fundamental tests of quantum theory, previously reported. We showed that HESs allow for: (i) an easier, more flexible and less costly generation of qubit-qudit entangled photons, in comparison with a previous scheme [24] and (ii) a more flexible optical quantum network with free-space and optical fiber channels.
Another interesting aspect of hybrid photonic systems, introduced here, is that they may be the natural route for the optical implementation of quantum gates between two or more qudits of different dimensions [25] . Finally, we would like to emphasize that in the same way we proposed the extension of our setup with a D-slit array to create qubit-qudit entanglement, there is no restriction, in principle, to extend it to a continuous spatial domain and create photonic qubit-continuous variable entanglement and hence, establish a connection between quantum information protocols with discrete and continuous variables. This type of entanglement is observed, for instance, in atoms in high-Q cavities [34] and trapped-ion systems [35] .
Note added.-The experimental implementation [14] of the Bell inequality with the HES proposed in [13] has recently become available.
